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We consider the motion of a spin-1/2 impurity in a one-dimensional gas of spin-1/2 fermions. For antifer- 
romagnetic interaction between the impurity and the fermions, the low temperature behavior of the system is 
governed by the two-channel Kondo effect, leading to the impurity becoming completely opaque to the spin 
excitations of the gas. As well as the known spectral signatures of the two-channel Kondo effect, we find that 

the low temperature mobility of the resulting 'Kondo polaron' takes the universal form fi ^^I'^ ' sharp 

contrast to the spinless case where ^ oc T^^. 



The motion of an impurity in a quantum liquid is one of the 
recurring paradigms of condensed matter physics. Variants of 
the problem appear in such well studied situations as the mo- 
tion of ions in ^He, muons and positrons in metals, and holes 
in metals and semiconductors 1 1 1 . Certain multicomponent 
quantum liquids can also be studied in a dilute limit where the 
atoms of one component may be treated as individually inter- 
acting with a thermodynamically large number of atoms of the 
other components. Solutions of '^He in ''He provide the clas- 
sic example of this situation [T], while the field of ultracold 
atomic physics offers new possibilities [31 . 

In most theoretical treatments it is usual to ignore the dy- 
namics of the impurity spin, if present. In this Letter we will 
show that for the case of a spin-1/2 impurity moving in a one- 
dimensional spin-1/2 Fermi gas the spin dynamics can com- 
pletely change the low temperature behavior of the system. In 
fact this system manifests the two-channel Kondo (2CK) ef- 
fect H, in which a simple picture of scattering of fermions 
of the gas from the impurity is inapplicable at low tempera- 
tures. Instead the impurity becomes totally opaque to the col- 
lective spin excitations of the gas while being transparent to 
the density excitations. As well as unusual spectral properties 
associated with the 2CK effect, the low temperature mobil- 
ity of the impurity assumes the universal form /i 2nWT^' 
where vp is, the Fermi velocity of the gas. We will not be con- 
cerned with phenomena of the 'X-ray edge' type, in which 
the impurity is added to or removed from the system, with 
the tunneling probability being affected by the orthogonality 
catastrophe imillEl. 

The natural application of this model is to the dynamics of 
holes in doped semiconductor nanowires |8|, although there 
exists the possibility of using ^^^Yb as a spin-1/2 impurity 
in an ultracold quantum gas |9|. A realization of the two- 



channel Kondo effect without fine tuning of parameters is 
all the more striking given how elusive this remarkable phe- 
nomenon has proven, succumbing to experimental observa- 
tion only last year IllOil . 

In the present problem, this behavior is a consequence of 
the restricted scattering processes in one dimension. Low en- 
ergy scattering events near the Fermi surface have momentum 
transfers close to a multiple of 2pp, where pi? is the Fermi 
momentum. Thus for an impurity of mass M there is a char- 
acteristic energy scale E'rccoii = ^pj^/M associated with a 
2pF momentum transfer At temperatures /csT ^ £^rccoii 
such processes are frozen out, and the motion of the impurity 
is determined by forward scattering. 

Consideration of the kinematics of these forward scatter- 
ing events shows that processes involving a single fermion 
are also suppressed. Let us write the dispersion relation of 
the fermions as ^(p) = /2m — fi for chemical potential /i, 
and that of the impurity as e{p) = p^ /2M. Scattering of a 
fermion with momentum p ~ ±p p and low momentum trans- 
fer q leads to a change in energy of£,{p + q) — £,{p) ~ ivpq- 
Since the corresponding change in energy of the impurity is 
on the order of q^ /2M, energy conservation would require 
q ^ 2Mvp — 2{AI/m)pp, or energies {M / mY E recoil- 

These arguments suggest that the low temperature transport 
of the impurity is due to higher order processes. The simplest 
such process involves the scattering of two particles with mo- 
menta lying close to each fermi point. For the spinless case we 
use a model interaction iJint = V 5{xi — X) between the 
fermions at positions {xi] and the impurity at X. The low- 
est order amplitude for fermions with momenta ki and k2 to 
scatter to fci + qi and /c2 + 92, while the impurity momentum 
goes from K lo K - qi - q2\s, T^'^'^5{Ei - Ef) with 



^(2) 

ki,k2,K~^ki+qi,k2+q2-K—qi—q2 



1 



1 



Cfel+gi ^ iki + ^K-qi - EA' ^fc2+92 ^ iki + ^K-k2-q2 + ki - 
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^k2+q2 ~ Cfc2 + ^K-q2 ~ £A' Cfei+gi ^ ^k2 + SA'-fci-qi + fea ~ 
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FIG. 1: Second order particle-particle (top) and particle-hole (bot- 
tom) contributions to the effective spin-spin interaction between the 
fermions (solid lines) and impurity (dashed lines) 



At low qi, q2 the first and third terms give rise to singular 
behavior arising forward scattering processes at second order 

r(2) ^ 

turn relaxation rate of the impurity, given by 



Despite this singularity the momen- 
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XHk.Uk^ (1 - nk,+q,){l - rik^+qj 

(rifc is the Fermi distribution) is finite and vanishes as T^, 
leading to a low temperature mobility fi = T^wni/M cx 
T-^ ||IT][l2l[l3l. This calculation, together with the obser- 
vation that even an almost opaque impurity will appear trans- 
parent at low temperatures as the backscattering processes are 
suppressed, offers a qualitative picture of behavior of the mo- 



bility from high to low temperatures in the spinless case ifTSll . 

The validity of these results depended upon our being able 
to treat the interaction as weak at low temperatures. We will 
now show that when the impurity and the fermions both have 
spin-1/2 the most general form of Hint acquires singular con- 
tributions at low energies from higher order processes. The 
resulting divergences signal the need for a radically differ- 
ent description at low temperatures. It is convenient to use 
a second quantized representation of the Hamiltonian (setting 

dx - — dxaldxtt^ + ^rTrdxbldxb, 
[2m =^ ^ ^ ' 2M ^ ^ 

Hint = J dxVpa{x)pb{x) + JSa{x) -Sbix), 

Here pa{x) = J2a^ii^)"'aix) Sa{x) = 

^J2aa'^ai^)'^aa'a^,{x) denote the density and spin 
density of the fermions, and pb{x) and Sb{x) the correspond- 
ing quantities for the impurity. V and J parameterize the most 
general form of rotationally invariant interactions between 
the impurity and the fermions. Although it is important for 
the problem we discuss that the bare potential interaction V 
is sufficiently strongly repulsive to prevent the formation of 
a singlet bound state for J > 0, its renormalized strength 
tends to zero at low energies as explained above, and we will 
neglect it in the following. 

Since we have only one 5-particle, the bare Green's function 
is Gf,(e,p) = {e—e{p)+i6)^^ while for the a-particle we have 
Ga{£,p) — (e — ^(p) + i&gn(e))~^. Two diagrams contribute 
to the renormalization of J by second order processes. The 
effective interaction vertex (see Fig. [TJ has the second order 
contribution 



.(2) 
off 



J2 



'{cr'cr^)l3i3'^pp{£a + £b,Pa+Pb) + {cr^ cr')aa'{cr'cr^)i3f:i'^ph{£'a - £b,p'a -Pb)] 
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where the first and second terms are the contribution of the 
upper and lower diagrams respectively in Fig.[T] We have the 
explicit expressions. 



de dp 
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dp e{±^{p)) 



Ga{e,p)Gb{±uJT£,MTp) 

(1) 
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Note that these have logarithmic singularities X^^j^^J^uj 
0,q ^ ±pf) ^ Tfln 



where the dots 



(M ±m)(jj . 

denote terms of second and higher order in u! and q ^ pp, 
and v = rua/TrpF is the Fermi surface density of states. The 



singularities originate in the vanishing of the impurity disper- 
sion e{q — p) in the denominator in Eq. ([T]l. In dimension 
greater than one this occurs only on isolated points or lines 
on the Fermi surface, so singularities are absent from the cor- 
responding integrals. Using the commutation relations of the 
Pauli matrices, we find that the amplitude for elastic scattering 
from the impurity has a contribution 
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where the energy e is measured from the Fermi surface. 
Eq. Q represents a singular renormalization of the coupling 
J, and a breakdown of the weak coupling picture. 
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Such a divergence is familiar from the perturbative treat- 
ment of the Kondo problem, which corresponds to the limit of 
the present model in which the mass of the impurity becomes 
infinite. The appearance of the impurity dispersion in the de- 
nominators of Eq. ([T]) does not alter the low-energy singular- 
ity at leading order except to remove the contribution due to 
backscattering from the impurity, which is gapped by the en- 
ergy E'rccoii- This leads to Eq. Q being smaller by a factor of 
two than in the infinite mass case. 

There is, however, a more fundamental difference between 
the two cases: the absence of backscattering at low energies 
means that the left and right moving fermions form two dis- 
tinct channels in which the coupling J becomes strong. For 
infinite mass, by contrast, only the even fermion modes (de- 
fined relative to the position of the impurity) are coupled to 
the impurity, with the odd mode decoupling entirely, giv- 
ing a single channel. The low temperature behavior of the 
two-channel Kondo problem is completely different from the 
single-channel case. While the latter has an effective Fermi 
liquid description, the former cannot be described simply in 
terms of fermionic quasiparticles carrying charge and spin. 
The low temperature mobility of the impurity spin is there- 
fore determined by a completely different mechanism than an 
impurity without spin. 

To establish these facts and to describe the physics of this 
model beyond simple perturbation theory, it is convenient to 
pass to a bosonized representation of the fermions. First we 
present the Hamiltonian in the mixed form 



H 



E 



dx - — dxoldxa^ 
2m " ' 



2M 



JSa{X) ■ S, 



with [P, X] = —i. Next it is useful to pass to a frame co- 
moving with the impurity atom via the transformation U — 
giXP„^ where Pa is the total momentum of the a particles. 
The effect of this transformation is ag{x) — > a^{x — X), P 
P—Pa, thus eliminating the b coordinate from the interaction, 
at the expense of introducing the momentum of the a particles 
into the impurity kinetic energy. 



dx J—d^aldxa^ 
2m 



(P-Pg) 
2M 



JSaiO) ■ S.(3) 



Note that after this transformation the variable P is con- 
served due to the absence of X from the resulting Hamilto- 
nian, and simply corresponds to the total momentum of the 
system. We set P = from now on. It is convenient to 
express Eq. (j3|l in a boson representation where a^lx) ~ 

77fl,se'^^^"+*«'=^"^^ + r;i,,e-'(P^"+*^-("», with the fields 
<j>i^/ji g{x) parameterizing the fluctuating Fermi sea near the 
two Fermi points [14|. The anticommuting variables ijl/r.s 
will be discussed shortly; first note that the anticommuta- 
tion relations for the aL/fi s{x) are reproduced if we write 
the mode expansion for (/>^y^ ^{x) (taking periodic boundary 



conditions on a system of size L) 

,(0) . 2ttx 
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,(") p±ig„x 
■R/L,s^ 



h.c. 



where g„ — 21:71/ L. The mode operators c^y^ ^ and 
their conjugates satisfy the canonical Bose commutation 

and Nr/l^s satisfy 



(4) 



relations, while the zero modes 



^r]l,s^^R/l,s 



— =Fi. We therefore have 



'^L/R,s(^)^^^"^L/R.s'(^') = ±2TTiSss'S{x - x'). 



^L/R. 



In the following two technical points are important: i) the 
possibility of nonzero winding (t>j^/i^g{L) — (('n/Lsi^) — 
2TrNj^^i^ g which describes uniform shifts of the Fermi points 
when a particle is added or removed from the corresponding 
branch (as occurs in backward scattering) and ii) the careful 
treatment of the operators 77^ ,, that satisfy {r]p^s,Vp' ,s'} ~ 
2SppiSss'- The bosonized Hamiltonian involves only bilinears 
of these operators. The operator rji^^^rji^ iriji^^rifi i commutes 
with all these bilinears, so we may set it equal to ±1, which 
gives relations between bilinears e.g. r]L^^r]L,i — TVR,TVR.I- 

The total Hamiltonian has the form H = Hk + Hfs + i?bs, 
where the kinetic part Hk is 

-I 2 
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The terms Hfs and iJbs describe the forward scattering and 
backward scattering parts of the original interaction. For the 
moment we will drop i/bs, reintroducing it later. Allowing for 
the possibility of anisotropic couplings, we have for Hfs 



Hfs — 



Jo± 



iit>siO)g- 



VL,i:VLde'^^'"' +VraVr,i(^'' 

+ h.c. + Jo\\dx<PsiO)S" (5) 

where A is a short-distance cutoff and Jq± and Jo|| are the 
transverse and longitudinal parts of the spin-spin interaction. 
Eq. (|5]l is written in terms of the chiral fields 
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We can now apply the Emery-Kivelson transformation 
U^Y^HU^^ with Z^EK = cxp(i5^0g) |15| . This removes 
the e**'^s factors from Hfs, while shifting the kinetic energy 
by —VFS^dx4>x- Thus for the special value Jo|| = vp, the 
Hamiltonian takes the form 



H 



47r 



E 

p=C,F,S,X 

2iJaj_ 



A 



dx {dxc/yp) 
VlaiIlaS'-" sin(l)x{Q) + ErcconNj, (6) 
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The impurity term in Eq. (j6|l can be expressed in terms of a 
fermion: sincjyx + ^x- Although the resuhing Hamil- 

tonian may be solved exactly, we need only observe that sim- 
ple scaling implies that the impurity term dominates at low en- 
ergy, leading to the boundary condition 0x(O+) — — (/)x(0_) 
(recall that is a chiral field and satisfies a first order wave 
equation) | This conclusion is not altered by for Jo|| differ- 
ent from V F (providing the interactions remain antiferromag- 
netic in sign): the perturbing operator 5'^90x(O) is irrelevant 
at the low energy fixed point. 

Although the 2CK boundary condition cannot be under- 
stood easily in terms of the fermions, its physical meaning 
is simple. It corresponds to the perfect reflection of the spin 
mode at the impurity: 0^ | — |o± = 'i>R-\~~ 4>r[ |o± . while 
the density mode propagates unhindered. This dramatic man- 
ifestation of spin-charge separation in the 2CK effect also de- 
termines the low temperature mobility of the resulting 'Kondo 
polaron', as we discuss below. 

The crucial difference between the cases of finite and infi- 
nite impurity mass arises from the effect of iJbs^ which after 
the transformation UbkH^s^ek t^ss the following form at 
the fixed point. 



2iJ; 



A 



VLAVB.,lS^ COS (j)p{0) 



In the absence of an impurity kinetic energy term this is a 
relevant perturbation of dimension 1 /2 that leads to the one- 
channel Kondo fixed point. Indeed for Jo± = J2fcF_L, H+H\,s 
can be written in terms of the resonant level model charac- 
teristic of the Toulouse point |17|. The boundary conditions 
that result when both Jo_l and J2kF± flow to strong coupling 
are (/)^(0+) = -^xi^-) and 0^(0+) = ~^p{0^) ± 27tS\ 
This corresponds to g{0±) ~ — afl^(0±) (accounting for 

the phase shift in (pg induced by the EK transformation): total 
reflection of fermions from the impurity with phase shift 7r/2 
in the even channel (although this conclusion will be changed 
by the inclusion of non-zero potential scattering V) 

i?bs changes the value of Np by ±1, however, so that this 
breakdown of the 2CK fixed point is prevented for finite im- 
purity mass due to the recoil energy in Eq. (j6]). The effect 
of backscattering at low energies is described by an effective 
Hamiltonian obtained at second order 

Accoil^ 

an irrelevant operator of dimension 2. 

Although they have no charge, the spin excitations do carry 
momentum and exert a force on the impurity. In the low tem- 
perature limit, the recoil of the impurity in this process can 
be neglected, so the drag force due to spin excitations can be 
found by considering an impurity with constant velocity. The 
velocity dependence of the force due to the 'Doppler shift' of 
the spin excitations gives at lowest order a dissipative force 
Ft = —{2Pt/vp)X, if Pt is the total incident power, and 
where v p plays the role of the speed of light IdSi |19J . The 



one-dimensional version of the Stefan-Boltzman law gives 
Pt — 2 •>< (77X^/6) (the factor of 2 being for the two sides 
of the impurity), resulting in a mobility (with all dimensionful 
constants restored) 



27r/c2,T2 ' 



asT^ 



Compared to the spinless case we see that the divergence of 
the mobility is much slower and furthermore universal, be- 
ing a characteristic of the 2CK fixed point rather than arising 
from some irrelevant perturbation of non-universal amplitude. 
At zero temperature the damping force experienced by the im- 
purity is~^xm 

The influence of the 2CK effect is also apparent in the 
spin fluctuations of the impurity, which has imaginary sus- 
ceptibility Imximp(t^) = 5 tanh {uj/T)T/ (w^ + T^), with 
r = Jqj^/q ifTSl . At zero temperature the spin fluctuations 
extend to zero frequency, with an accompanying logarithmic 
divergence of the real susceptibility. A finite magnetic field 
splitting the degeneracy of the impurity spin states by a Zee- 
man energy Az restores the Fermi liquid behavior and the 
behavior of the mobility at temperatures < A^/F |2T1. 

In conclusion, we have shown that the motion of a spin- 1/2 
impurity in a one-dimensional spin- 1/2 Fermi gas provides a 
realization of the two-channel Kondo effect without fine tun- 
ing. The unusual nature of the low temperature state formed 
by the coupling of the impurity and fermion spins gives rise 
to universal behavior of the mobility. 
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